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We investigate quasicrystal-forming soft matter using a two-scale phase field crystal model. At
state points near thermodynamic coexistence between bulk quasicrystals and the liquid phase, we
find multiple metastable spatially localized quasicrystals embedded in a background of liquid. In
three dimensions we obtain spatially localized icosahedral quasicrystals. In two dimensions, we com-
pute several families of spatially localized quasicrystals with dodecagonal structure and investigate
their properties as a function of the system parameters. In both cases the localized quasicrystals
are metastable, and so correspond to energetically locally favored structures. The presence of such
structures is expected to crucially affect the dynamics of the crystallization process.
PACS numbers: 61.44.Br, 81.10.Aj, 61.50.Ah
Soft matter is capable of organizing into complex struc-
tures even when the underlying interactions between the
individual constituents are quite simple. These struc-
tures can be described by the phase field crystal (PFC)
model [1]. This model represents a simplification [2, 3]
of the more accurate Density Functional Theory (DFT)
approach [4, 5] and has proved useful in understanding
the formation and properties of soft matter crystals un-
der various conditions. The simplest such model takes
the form of the conserved Swift–Hohenberg equation and
the steady states of this model have been studied in de-
tail in one, two and three dimensions [6]. The model
exhibits coexistence between the liquid state and a crys-
talline state over a range of temperatures [1, 7]. In this
regime one also finds spatially localized structures that
bifurcate from the periodic crystal close to the spinodal,
and exhibit homoclinic snaking [6, 8] before reconnecting
to the periodic state. In finite size systems, these local-
ized structures can have lower energy than the periodic
state and so be thermodynamically preferred.
The PFC model, suitably modified to allow interaction
between distinct spatial scales [9, 10], also forms spatially
extended quasicrystals (QCs). Both dodecagonal QCs in
two dimensions (2D) [11] and icosahedral QCs in three di-
mensions (3D) [10] have been identified and these may be
thermodynamically stable under appropriate conditions.
Significantly, these extended QC states can arise at state
points where the uniform liquid state is metastable, in the
so-called subcritical regime. This fact raises the possibil-
ity that stable localized structures with a QC motif are
also present in this region [8]. Here we show that such
structures are indeed present and investigate their sta-
bility properties. Of course, a localized structure cannot,
strictly speaking, be a quasicrystal. In the following we
use this terminology to refer to structures that turn into
an extended QC in a continuous manner as one follows
the localized solution, varying one of the system param-
eters. Loosely speaking, we may think of such localized
structures as a QC state with a superposed envelope that
locally picks out a particular motif from the QC state and
suppresses the pattern further away.
Our model describes the space-time evolution of a di-
mensionless scalar field U(x, t) that specifies the location
and magnitude of density perturbations from a homoge-
neous state [1]. The system is described by the Helmholtz
free energy
F [U ] =
∫ [
− 1
2
ULU − Q
3
U3 +
1
4
U4
]
ddx. (1)
The evolution of U conserves mass, i.e. U¯ ≡ ∫
D
U ddx is
fixed, where D is the system volume, and follows
∂U
∂t
= ∇2
(
δF [U ]
δU
)
= −∇2 (LU +QU2 − U3) . (2)
Here the linear operator L, chosen as in [10, 12], allows
for the growth of density modulations at two wave num-
bers k = 1 and k = q < 1. The growth rate σ(k) of a
mode with wave number k is given by a fifth order poly-
nomial in k2 [10] that is characterized by the ratio q of
the two wave numbers, two parameters r1 and rq that
control the linear growth rates of the modes k = 1 and
k = q, and by a negative parameter σ0 that controls the
sharpness of the peaks in the growth rate at these two
wave numbers. Our model allows independent control of
these three quantities, in contrast to models based on the
Lifshitz–Petrich free energy [11, 13]. In particular, when
r1 = rq = U¯ = 0, modes with wave number k 6= q, 1 de-
cay as σ(k) = σ0k
2(1− k2)2 (q2 − k2)2/q4. When r1 6= 0
or rq 6= 0 there are additional terms in σ(k) and when
U¯ 6= 0 the growth rate σ(k) is also influenced by the
parameter Q [10]. The parameter Q also controls the
strength of three-wave interactions. With appropriate
choices of q, such as q = 1/τ2 with τ2 = 2 cos(pi/12) or
q = 1/τ3 with τ3 = 2 cos(pi/5), we promote the formation
of dodecagonal QCs in 2D (d = 2) or icosahedral QCs in
3D (d = 3) [10, 14].
The equilibrium states of the dynamical system (2)
solve ∂U/∂t = 0, and hence satisfy
LU +QU2 − U3 = constant = −µ , (3)
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2FIG. 1: The 3D scalar density U(x) sliced along the plane
(τ3, 0, 1) for (a) a thermodynamically stable extended icosa-
hedral QC and (b) a metastable localized quasicrystal at the
same parameters, with r1 = rq = −0.51, q = 0.6180 = 1/τ3,
Q = 2, σ0 = −10 and µ = 0. See [15] for more details on the
structure of the extended and spatially localized QCs.
where µ ≡ δF/δU is the chemical potential. We charac-
terize computed structures in terms of the grand (Lan-
dau) potential
Ω[U ] = F [U ]− µ
∫
Uddx , (4)
whose minima correspond to metastable states. The
global minimum amongst all states corresponds to the
thermodynamically stable state. All results presented
here are computed at µ = 0, so states that minimize Ω
also minimize F . For a given value of µ, there can be
several possible bulk extended equilibria with different
values of U¯ ; we focus on the one with lowest Ω. With
µ = 0, the only homogeneous equilibrium for our param-
eter values is the uniform liquid with U¯ = 0, in which
case σ(1) = r1 and σ(q) = q
2rq.
In [10], we showed that minima of F in 3D domains cor-
respond to periodic structures such as lamellae, columnar
hexagons, and body-centered cubic crystalline phases,
as well as an icosahedral QC such as that shown in
Fig. 1(a). For parameter values where the homogeneous
liquid phase and the icosahedral QC state are both lin-
early stable, we also find states that minimize Ω and
correspond to spatially localized quasicrystals, i.e., states
in which the QC phase fills only part of the domain. Fig-
ure 1(b) shows one such state. This state retains icosahe-
dral symmetry and the slice is chosen to reveal its approx-
imate 5-fold symmetry. Such spatially localized equilib-
ria lie on a continuous solution branch when a system
parameter such as r1 varies, and we find that this branch
connects with the branch of fully extended QCs. Since
the numerical continuation of branches of 3D localized
solutions involves challenging computations we focus in
the rest of this Letter on localized dodecagonal QCs in
2D.
Two-dimensional direct numerical simulations of
Eq. (2) are carried out in a periodic square domain of side
length 30× 2pi. This choice of the domain size allows the
formation of extended (but still approximate) QCs[16].
In a pseudospectral approach we employ 256 Fourier
modes using FFTW [17] in each direction and time-step
FIG. 2: (a) Thermodynamically stable 2D structures in the
(r1, rq) plane, computed as global minima of the grand po-
tential Ω when µ = 0. Dashed-dotted lines indicate the axes.
The dotted line represents a cut corresponding to rq = −0.412
explored in detail in subsequent plots. Panels (b) and (c) show
stable states along this cut, q-hex at r1 = −0.6181 and QC
at r1 = −0.3112, respectively. The remaining parameters are:
q = 0.5176 = 1/τ2, Q = 2 and σ0 = −10.
using second-order exponential time differencing (ETD2)
[18]. Starting from smoothed random initial conditions,
we find several qualitatively distinct equilibria: the liquid
state, lamellae (lam) and hexagons (hex) at each of the
two possible wavelengths (2pi and 2pi/q), and a dodecago-
nal QC. These equilibrium solutions are then continued
numerically using pseudo-arclength continuation [19] em-
ploying the biconjugate gradient stabilized method [20]
or with the induced dimension reduction method [21] to
solve the large linear systems that arise in the Newton
iteration up to an accuracy of O(10−10). Numerical con-
tinuation allows us to explore the space of possible fully
nonlinear equilibria of the model irrespective of their dy-
namical stability.
Figure 2(a) shows the (r1, rq) parameter plane for
chemical potential µ = 0, indicating the global mini-
mum of the grand potential Ω at each combination of
parameter values. When both r1 and rq are strongly
negative, the liquid state is the global minimum. When
r1 or rq increase we obtain hexagons with lattice spacing
2pi or 2pi/q [1-hex or q-hex, Fig. 2(b)] and a region of
q-lamellae when both are positive. Of particular interest
is a substantial region in the third quadrant with stable
dodecagonal QCs [Fig. 2(c)]. In this region the linear
growth rates of the k = 1 and k = q modes are both
negative, implying the uniform liquid is linearly stable,
albeit metastable with respect to the QC. Parameter val-
ues where the grand potentials of two different states are
equal, i.e., the Maxwell points, separate the different re-
gions [solid lines in Fig. 2(a)]. Maxwell points are ideal
starting parameter combinations for locating spatially lo-
calized states consisting of a patch of one state embedded
in the background of another.
In order to investigate the effect of varying r1, we set
3FIG. 3: (a) Specific grand potential Ω/A (A is the area of the domain) as a function of r1 [dotted line in Fig. 2(a)], with
µ = 0 and rq = −0.412. The blue line indicates 1-hexagons, the green line indicates q-hexagons, the red line indicates the
extended QC state, while the magenta line indicates the branch of spatially localized QC states with dodecagonal symmetry.
(b)-(d) Metastable localized QC states on each ‘swallow-tail’ at locations indicated in the inset in panel (a) corresponding to
r1 = −0.5954, −0.4926 and −0.4151, respectively. (e) Unstable localized state at r1 = −0.14. The color scale indicates the
value of U(x) in panels (b)-(e). The remaining parameters are as in Fig. 2.
rq = −0.412 and µ = 0 [dotted line in Fig. 2(a)] and
study the bifurcation behavior of the system. Figure 3(a)
shows the specific grand potential as a function of r1
for spatially extended states: liquid (black line), 1-lam
(brown line), 1-hex (blue line), q-hex (green line) and
the dodecagonal QC (red line). The 1-lam, 1-hex and
QC structures originate at the spinodal (threshold for
linear instability of the liquid state) point r1 = 0. The
hexagonal and the QC states arise via transcritical bifur-
cations and so are found on either side of r1 = 0. How-
ever, linearly stable states are only found along parts of
the branch below the prominent cusps.
The inset in Fig. 3(a) shows the vicinity of the co-
existence between the QC states (red line) and the liq-
uid (black line). The QC and liquid are in thermody-
namic coexistence, at the crossing point of these lines at
r1 = −0.6. Spatially localized QC states, shown in ma-
genta, are found nearby. Panels (b)–(e) show sample so-
lutions along this branch at the locations indicated in the
inset of panel (a). These states arise via spatial modula-
tions of Eckhaus type, i.e., long wavelength modulations
that suppress the QC amplitude in different parts of the
spatial domain [22]. With increasing r1, the branch of
unstable localized states undergoes fold bifurcations cre-
ating three ‘swallow-tails’ close to locations (b), (c) and
(d), before connecting to the extended QC branch close
to the QC spinodal, near location (e).
Panel (b) shows an example of a spatially modulated
QC, where the QC structure is suppressed in the vicinity
of the four corners of the domain. The state that re-
mains is metastable and is organized around a dodecago-
nal structure at its center. As one follows the branch of
modulated QC states (magenta line) to the next swallow-
tail, these holes deepen, suppressing the QC structure
further and leaving a spatially localized QC in a back-
ground liquid state. Panel (c) shows a metastable state
of this type. As r1 increases from the left fold close to
(c), the structure starts to lose the outer ring of 12 peaks.
This process is almost complete by location (d), where
there is only one ring of 12 peaks surrounding a single
central peak. This state is also metastable. With further
increase in r1, the state gradually decreases in amplitude,
while the interface becomes more diffuse, as the spatially
modulated structure approaches an unstable low ampli-
tude but spatially extended QC solution near the spin-
odal. Panel (e) shows an example of an unstable localized
state just prior to the merger with the unstable extended
QC state at r1 = −0.11.
Metastable localized states are found only on the lower
branch in each of the three swallow-tail regions, and
these regions are a reflection of slanted snaking that is
expected of localized structures in mass-conserving sys-
tems [6, 8, 23]. We anticipate that in larger domains the
number of swallow-tails will be greater since each is asso-
ciated with the appearance or disappearance of a layer of
structure around the central dodecagonal motif. Similar
spatially localized states associated with the other crys-
talline structures shown in Fig. 2, e.g., hexagon patches
and target patterns, are also expected to be present, as
is the case in non-conserved systems [24].
The dodecagonal symmetry about the central peak
visible in Fig. 3 panels (b)–(e) is retained all along the
branch of localized QC shown in magenta in Fig. 3(a).
Additional branches of localized QC with reduced sym-
metry are also present. Figures 4(d,e) show two such
equilibria with square and hexagonal central motifs, for
r1 values near where the associated localized states merge
with the unstable extended QC state. In general the
4FIG. 4: (a) Specific grand potential as a function of r1. In addition to lines from the inset in Fig. 3(a), the dark gray line is a
branch of localized states with hexagonal central motif and the golden line is a branch of states with square central motif. The
corresponding profiles U(x) at (b) r1 = −0.5954, (c) r1 = −0.4926, (d) r1 = −0.2937 and (e) r1 = −0.2388. The remaining
parameters are as in Fig. 2.
FIG. 5: (a) Profile U(x), showing a 1D localized QC in
the PFC model at the parameter values in Fig. 2 and
r1 = −0.1152. (b) Density profile obtained from DFT
for a system of particles interacting via the pair potential
v(r) = 10 e−0.297r
2 (
1− 1.09r2 + 0.4397r4 − 0.05r6 + 0.002r8)
[25], showing a 1D localized QC similar to (a).
growth of these structures with decreasing r1 does not
maintain the symmetry of the central motif – these states
are, after all, quasicrystalline and hence aperiodic – un-
less enforced by the shape of the domain. We show ex-
amples of equilibria that have broken the (approximate)
hexagonal symmetry of the central motif in Figs. 4(b,c).
The branches of localized solutions associated with
each of the symmetry-broken motifs also display swallow-
tails, as shown in Fig. 4(a). Localized solutions with
square symmetry are shown in gold while states with (ap-
proximate) hexagonal symmetry are shown in dark gray.
The numbers and parameter ranges of the swallow-tails
along each branch differ. Among the branches of local-
ized solutions, the branch with hexagonal motif has the
lowest grand potential over most of its range.
Figure 5(a) shows U(x) for a localized QC state with
large scale modulation in one direction suppressing the
QC amplitude at either side of the domain. This co-
existence of the liquid and the QC has a rather diffuse
interface between the two states. In order to check the
robustness of spatial localization of QCs across models,
we compare this state with a similar equilibrium obtained
from DFT for a model system of particles with soft pair
interactions (following [25]). For the chosen parameters,
we observe similar diffuse 1D localization of a dodecago-
nal QC in a background liquid state [Fig. 5(b)]. In this
example, the PFC solution is unstable, while the DFT
localized state is metastable. We have not yet found a
QC localized in 2D in the DFT model.
We have shown that localized patches of QCs sur-
rounded by bulk liquid can be metastable both in 2D and
3D. In 2D these structures are located on the swallow-
tails in Figs. 3 and 4. The fact that these spatially lo-
calized QCs are metastable has significant consequences:
the stability makes these structures longer lived in an
environment with thermal fluctuations and so will influ-
ence the rate of QC nucleation. Moreover, these local-
ized states will be energetically locally favored structures
(LFS) [26–28]. The fact that these LFS have QC struc-
ture means that they will suppress the formation of the
regular hexagonal crystal. In 3D, icosahedral LFS are be-
lieved to be linked to dynamic arrest [28], i.e., the avoid-
ance of crystallization. Indeed, based on the large spatial
extent of some of the stable localized structures we find,
we conjecture that quite large LFS may in general be
present in systems of this kind.
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